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Fits conventional PQCD subprocesses

Violates PQCD 
factorization!
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Leading Hadron Production 
from Intrinsic Charm

Coalescence of Comoving Charm and Valence Quarks
Produce J/ψ, Λc and other Charm Hadrons at High xF

PX X
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Scattering on 
Nucleon via one 

Gluon

Coalescence of 
Color-Singlet Pair 

into Charmonium State

64

In nuclear case, 
Color-Octet IC Fock state
 absorbed on front surface  
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Important Tests of Intrinsic Charm

Measure diffractive hidden charm production
at forward xF
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FIG. 2: (Color online) Comparison with experimental ratios
R = F A

2 /F D
2 . The ordinate indicates the fractional differences

between experimental data and theoretical values: (Rexp −

Rtheo)/Rtheo.
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FIG. 3: (Color online) Comparison with experimental data of
R = F A

2 /F C,Li
2

. The ratios (Rexp − Rtheo)/Rtheo are shown.

ters cannot be determined easily by the present data.
The χ2 analysis results are shown in comparison with

the data. First, χ2 values are listed for each nuclear
data set in Table III. The total χ2 divided by the degree
of freedom is 1.58. Comparison with the actual data is
shown in Figs. 2, 3, and 4 for the FA

2 /FD
2 , FA

2 /FC,Li
2 ,

and Drell-Yan (σpA
DY /σpA′

DY ) data, respectively. These ra-
tios are denoted Rexp for the experimental data and Rtheo

for the parametrization calculations. The deviation ra-
tios (Rexp−Rtheo)/Rtheo are shown in these figures. The
NPDFs are evolved to the experimental Q2 points, then
the ratios (Rexp − Rtheo)/Rtheo are calculated.
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As examples, actual data are compared with the
parametrization results in Fig. 5 for the ratios FCa

2 /FD
2

and σpCa
DY /σpD

DY . The shaded areas indicate the ranges of
NPDF uncertainties, which are calculated at Q2=5 GeV2

for the F2 ratios and at Q2=50 GeV2 for the Drell-Yan
ratios. The experimental data are well reproduced by the
parametrization, and the the data errors agree roughly
with the uncertainty bands. We should note that the
parametrization curves and the uncertainties are calcu-
lated at at Q2=5 and 50 GeV2, whereas the data are
taken at various Q2 points. In Fig. 5, the smallest-
x data at x=0.0062 for FCa

2 /FD
2 seems to deviate from

the parametrization curve. However, the deviation comes
simply from a Q2 difference. In fact, if the theoretical ra-
tio is estimated at the experimental Q2 point, the data
point agrees with the parametrization as shown in Fig.
2.

5

Anti-Shadowing

Shadowing
M. Hirai, S. Kumano and T. H. Nagai,
“Nuclear parton distribution functions
and their uncertainties,”
Phys. Rev. C 70, 044905 (2004)
[arXiv:hep-ph/0404093].
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Nuclear Shadowing in QCD 

Nuclear  Shadowing not included in nuclear LFWF ! 

 Dynamical effect due to virtual photon interacting in 
nucleus

Stodolsky
Pumplin, sjb

Gribov

Shadowing depends on understanding leading twist-
diffraction in DIS

67
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Phase of two-step amplitude relative to one
step:

1√
2
(1− i)× i = 1√

2
(i + 1)

Constructive Interference

Depends on quark flavor!

Thus antishadowing is not universal

Different for couplings of γ∗, Z0, W±

Reggeon 
Exchange

Crtical test: Tagged Drell-Yan

68
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Figure 9: The nuclear shadowing and antishadowing effects at 〈Q2〉 = 1 GeV2. The
experimental data are taken from Refs. [47, 48].

interactions.

3 Nuclear effects on extraction of sin
2 θW

The observables measured in neutrino DIS experiments are the ratios of neutral cur-

rent (NC) to charged current (CC) current events; these are related via Monte Carlo

simulations to sin2 θW . In order to examine the possible impact of nuclear shadowing

and antishadowing corrections on the extraction of sin2 θW , one is usually interested

in the following ratios

Rν
A =

σ(νµ + A → νµ + X)

σ(νµ + A → µ− + X)
, (38)

Rν
A =

σ(νµ + A → νµ + X)

σ(νµ + A → µ+ + X)
(39)

of NC to CC neutrino (anti-neutrino) cross sections for a nuclear target A. As is well

known, if nuclear effects are neglected for an isoscalar target, one can extract the

24

S. J. Brodsky, I. Schmidt and J. J. Yang,
“Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,”
Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

69

Predicted nuclear shadowing and and antishadowing at 

< xF >= 0.33

Q2 = 1 GeV2

pp → p + H + p

H, Z0, ηb

b⊥ ∼ 1/Q

Must have ∆Lz = ±1 to have nonzero F2

Use charge radius R2 = −6F ′1(0)
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Shadowing and Antishadowing in Lepton-Nucleus Scattering

• Shadowing: Destructive Interference
of Two-Step and One-Step Processes
Pomeron Exchange

• Antishadowing: Constructive Interference
of Two-Step and One-Step Processes!
Reggeon and Odderon Exchange

• Antishadowing is Not Universal!
Electromagnetic and weak currents:
different nuclear effects !
Potentially significant for NuTeV Anomaly}

70

Jian-Jun Yang 
Ivan Schmidt
Hung Jung Lu

sjb
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Measure nuclear shadowing, antishadowing
at J-PARC in Drell-Yan reactions

pA→ !+!−X

Q2 = x1x2s

Q2 = 4 GeV2, spN = 80 GeV2

x1x2 = .05, xF = x1 − x2

Higher twist effects at high xF :

Measure nuclear shadowing, antishadowing
at J-PARC in Drell-Yan reactions

pA→ !+!−X

Q2 = x1x2s

Q2 = 4 GeV2, spN = 80 GeV2

x1x2 = .05, xF = x1 − x2

Higher twist effects at high xF :

Measure nuclear shadowing, antishadowing
at J-PARC in Drell-Yan reactions

pA→ !+!−X

Q2 = x1x2s

Q2 = 4 GeV2, spN = 80 GeV2

x1x2 = .05, xF = x1 − x2

Higher twist effects at high xF :

Measure nuclear shadowing, antishadowing
at J-PARC in Drell-Yan reactions

pA→ !+!−X

Q2 = x1x2s

Q2 = 4 GeV2, spN = 80 GeV2

x1x2 = .05, xF = x1 − x2

Higher twist effects at high xF :

Deviations from (1 + cos2 θ)

cos 2φ correlation.

Aα(x1) =
2 dσ

dQ2dxF
(pA→#+#−X)

A dσ
dQ2dxF

(pd→#+#−X)

Higher twist effects at high xF :

Deviations from (1 + cos2 θ)

cos 2φ correlation.

Measure Non-Universal Anti-Shadowing in 
Drell-Yan

Flavor 
u, d tag

Schmidt, Yang, sjb
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• Leading Twist vs Higher Twist Processes

• Charm at Threshold and QCD Schwinger-
Sommerfeld Correction

72

Topics for FAIR in  
Inclusive High Pt Reactions

Counting Rules at fixed xT = 2pT√
s

and θCM
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neff = 4

nactive =  4
neff = 2nactive -  4

xT

ε = 1− xT

xT = 2pT√
s

pp→ HX at high pT

Working assumption: leading-twist subpro-
cesses plus jet fragmentation

qq → qq, gq → gq, gg → qq̄, gg → gg

u

p

H

Color Opaque

 Hadron created from 
jet fragmentation

Oberwölz

α(Q2) ! 4π
β0

1
logQ2/Λ2

QCD
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(pN → pX) = F (xT ,θCM)

pneff
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E dσ
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T

73



 

pu

neff = 4

nactive =  4
neff = 2nactive -  4

u

p
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pp→ γX

gu→ γu
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Review of hard scattering and jet analysis Michael J. Tannenbaum
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Figure 9: (left) xT scaling [52] of direct photon data in p-p and p-p̄ collisions. The quantity plotted is

(
√
s)n×Ed3!/dp3(xT ) with n = 5.0. (right) xT scaling of jet cross sections measured in p-p̄ collisions by

CDF and D0 [55]. The quantity plotted is the ratio of p4T times the invariant cross section as a function of

xT for
√
s= 630 and 1800 GeV. Note that the theory curves are plotted in the same way in order to avoid as

much as possible uncertainties from the various parton distribution functions used.

of approximately 15 GeV/fm3. The theory curve appears to show a reduction in suppression with

increasing pT , while, as noted above, the data appear to be flat to within the errors, which clearly

could still be improved.

It is unreasonable to believe that the properties of the medium have been determined by a

theorist’s line through the data which constrains a few parameters of a model. The model and

the properties of the medium must be able to be verified by more detailed and differential mea-

surements. All models of medium induced energy loss [60] predict a characteristic dependence of

the average energy loss on the length of the medium traversed. This is folded into the theoretical

calculations with added complications that the medium expands during the time of the collision,

etc [61]. In an attempt to separate the effects of the density of the medium and the path length

traversed, PHENIX [33, 62] has studied the dependence of the #0 yield as a function of the an-

gle ($% ) to the reaction plane in Au+Au collisions (see Fig. 12). For a given centrality, variation

of $% gives a variation of the path-length traversed for fixed initial conditions, while varying the

centrality allows the initial conditions to vary. Clearly these data reveal much more activity than

the reaction-plane-integrated RAA (Fig. 11) and merit further study by both experimentalists and

theorists.

The point-like scaling of direct photon production in Au+Au collisions indicated by the ab-

13

E dσ
d3p

(pp→ γX)

√
snE dσ

d3p
(pp→ γX) at fixed xT

β ∝ Q2

m2

dσ
dxF

(pA→ J/ψX)

dσ
dxF

(πA→ J/ψX)

xF

xT-scaling of 
direct photon 
production is 

consistent with 
PQCD

Review of hard scattering and jet analysis Michael J. Tannenbaum

a given
√
s fall below the asymptote at successively lower values of xT with increasing

√
s, cor-

responding to the transition region from hard to soft physics in the pT region of about 2 GeV/c.

Although xT -scaling provides a rather general test of the validity QCD without reference to details,

the agreement of the PHENIX measurement of the invariant cross section for !0 production in p-p

collisions at
√
s= 200 GeV [30] with NLO pQCD predictions over the range 2.0≤ pT ≤ 15 GeV/c

(Fig. 4) is, nevertheless, impressive.
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Figure 4: (left) PHENIX [30] !0 invariant cross section at mid-rapidity from p-p collisions at
√
s= 200GeV,

together with NLO pQCD predictions fromVogelsang [31, 32]. a) The invariant differential cross section for

inclusive !◦ production (points) and the results from NLO pQCD calculations with equal renormalization

and factorization scales of pT using the “Kniehl-Kramer-Pötter” (solid line) and “Kretzer” (dashed line) sets

of fragmentation functions. b) The relative statistical (points) and point-to-point systematic (band) errors.

c,d) The relative difference between the data and the theory using KKP (c) and Kretzer (d) fragmentation

functions with scales of pT /2 (lower curve), pT , and 2pT (upper curve). In all figures, the normalization

error of 9.6% is not shown. (right) e) p-p data from a) multiplied by the nuclear thickness function, TAA,

for Au+Au central (0-10%) collisions plotted on a log-log scale (open circles) together with the measured

semi-inclusive !0 invariant yield in Au+Au central collisions at
√
sNN = 200 GeV [33]

3.1 The importance of the power law

A log-log plot of the !0 spectrum from Fig. 4a in p-p collisions, shown in Fig. 4e along with

corresponding data from Au+Au collisions [33], illustrates that the inclusive single particle hard-

scattering cross section is a pure power law for pT ≥ 3 GeV/c. The invariant cross section for !0

production can be fit to the form

Ed3#/dp3 & p−nT (3.3)

7
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Crucial Test of Leading -Twist QCD:
Scaling at fixed xT

Oberwölz

α(Q2) ! 4π
β0

1
logQ2/Λ2

QCD

E dσ
d3p

(pN → pX) = F (xT ,θCM)

pneff
T

E dσ
d3p

(pN → πX) = F (xT ,θCM)

pneff
T

E dσ
d3p

(pN → pX) = F (xT ,θCM)
p2N
T

neff  = 4

Bjorken scaling 
Conformal scaling: neff  =  2 nactive - 4

76



 

5 10 15 20
pT  !GeV"4.25

4.5

4.75

5

5.25

5.5

5.75

6
neff

PQCD prediction:  Modification of power  fall-off due to 
DGLAP evolution and the Running Coupling

Pirner, Raufeisen, sjb

Oberwölz

α(Q2) ! 4π
β0

1
logQ2/Λ2

QCD

E dσ
d3p

(pN → pX) = F (xT ,θCM)

pneff
T

E dσ
d3p

(pN → πX) = F (xT ,θCM)

pneff
T

E dσ
d3p

(pN → pX) = F (xT ,θCM)
p2N
T

Key test of PQCD:   power fall-off at fixed xT

neff  ~ 4.5
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94 D.Sivers et a!., Large transverse momentum processes
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Fig. 5.6.2. Plots ofNeff and Feff from the ISR—BS and FNAL—CP data for charged particles. The FNAI. energy pairs are

(19.4-23.8 GeV) marked by X’s and (23.8--27.4 GeV) marked by dots.

up by a jet of hadrons. Another important application of this analysis is the process pp -+ pX,

since it separates the Drell—Yan N 2 process from hadron-produced muons.

These ‘~effcurves also display an important feature of hard scattering mod~lswhich provides
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Baryon can be made directly within hard subprocess
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Collision can produce 3 
collinear quarks 

Coalescence 
within hard 
subprocess

Bjorken
Blankenbecler, Gunion, sjb

Berger, sjb 
Hoyer, et al: Semi-Exclusive
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Evidence for  Direct, Higher-Twist 
Subprocesses

• Anomalous power behavior at fixed xT

• Protons more likely to come from direct 
subprocess than pions

• Protons less absorbed than pions in central 
nuclear collisions because of color transparency

• Predicts increasing proton to pion ratio in central 
collisions

• Exclusive-inclusive connection at xT = 1
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General remarks about orbital angular mo-
mentum
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General remarks about orbital angular mo-
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Light-Front Wavefunctions
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u

Invariant under boosts!  Independent of P
μ 
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Hadron Dynamics at the 
Amplitude Level

• LFWFS are the universal hadronic amplitudes which 
underlie structure functions, GPDs, exclusive processes.

• Relation of spin, momentum, and other distributions to  
physics of the hadron itself.

• Connections between observables, orbital angular 
momentum

• Role of FSI and ISIs--Sivers effect
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Consequences of AdS/CFT for 
Antiproton physics

• Analytic form for form factors, GPDs, distribution 
amplitude

• Matrix elements and LFWFs for baryon scattering 
amplitudes: Quark Counting Rules!

• Orbital angular momentum in baryon wavefunction for 
Pauli form factor, SSAs

• Dominance of quark interchange at short distances

• Effective Regge trajectories

• Regge intercepts at negative integers at large t

85



FAIR Workshop 
October 15-16, 2007

Novel Anti-Proton QCD Physics  Stan Brodsky
  SLAC

!"#$ %&#''()*&+,-./0)&123)/$,4'&"-53'$$'$

2

#''()*&+,-./0)&657(.58&930..'-,8:&;#+69<

t

!"! !#!

$%!&!&.'&()%!&!&.'&(*(*((

hard vertices

"! + ,-./01230.4,(
5-56.125(174.8967

!(+ ,-./01230.4,(:247;
5-56.125(974<10-.

+. + =-27067(<-.>2/416
1-(174.8?6786(05@4<1(
@47456167((

#

=>08?@0:A 7'3>08,$7

!A

B#!A

! =

86
86



FAIR Workshop 
October 15-16, 2007

Novel Anti-Proton QCD Physics  Stan Brodsky
  SLAC87

S.J. Brodsky et al. / Nuclear Physics B 596 (2001) 99–124 103

Fig. 3. Light-cone time-ordered contributions to deeply virtual Compton scattering. Only the

contributions of leading power in 1/Q are illustrated. These contributions illustrate the factorization

property of the leading twist amplitude.

see Fig. 3. We specify the frame by choosing a convenient parametrization of the light-cone

coordinates for the initial and final proton:

P =
(

P+, !0⊥,
M2

P+

)
, (3)

P ′ =
(

(1− ζ )P+,− !∆⊥,
M2 + !∆2

⊥
(1− ζ )P+

)
, (4)

whereM is the proton mass. We use the component notation V = (V +, !V⊥,V −), and our

metric is specified by V ± = V 0±V z and V 2 = V +V − − !V 2
⊥. The four-momentum transfer

from the target is

∆ = P − P ′ =
(

ζP+, !∆⊥,
t + !∆2

⊥
ζP+

)
, (5)

where t = ∆2. In addition, overall energy–momentum conservation requires ∆− =
P− − P ′−, which connects !∆2

⊥, ζ , and t according to

t = 2P · ∆ = −ζ 2M2 + !∆2
⊥

1− ζ
. (6)

As in the case of space-like form factors, it is convenient to choose a frame where the

incident space-like photon carries q+ = 0 so that q2 = −Q2 = −!q 2⊥:

Nuclear Physics B 596 (2001) 99–124
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Light-cone wavefunction representation of deeply
virtual Compton scattering !
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Abstract

We give a complete representation of virtual Compton scattering γ ∗p → γp at large initial photon

virtuality Q2 and small momentum transfer squared t in terms of the light-cone wavefunctions of

the target proton. We verify the identities between the skewed parton distributions H(x, ζ, t) and

E(x, ζ, t) which appear in deeply virtual Compton scattering and the corresponding integrands of

the Dirac and Pauli form factors F1(t) and F2(t) and the gravitational form factors Aq(t) and Bq(t)

for each quark and anti-quark constituent. We illustrate the general formalism for the case of deeply

virtual Compton scattering on the quantum fluctuations of a fermion in quantum electrodynamics at

one loop. ! 2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Gp; 13.60.Fz

1. Introduction

Virtual Compton scattering γ ∗p → γp (see Fig. 1) has extraordinary sensitivity to

fundamental features of the proton’s structure. Particular interest has been raised by the

description of this process in the limit of large initial photon virtuality Q2 = −q2 [1–5].

Even though the final state photon is on-shell, one finds that the deeply virtual process

probes the elementary quark structure of the proton near the light-cone as an effective

local current, or in other words, that QCD factorization applies [3,6,7].

In contrast to deep inelastic scattering, which measures only the absorptive part of

the forward virtual Compton amplitude, ImTγ ∗p→γ ∗p , deeply virtual Compton scattering

!Work partially supported by the Department of Energy, contract DE-AC03-76SF00515.

E-mail addresses: sjbth@slac.stanford.edu (S.J. Brodsky), markus.diehl@desy.de (M. Diehl),

dshwang@kunja.sejong.ac.kr (D.S. Hwang).
1 Supported by the Feodor Lynen Program of the Alexander von Humboldt Foundation.

0550-3213/01/$ – see front matter ! 2001 Elsevier Science B.V. All rights reserved.

PII: S0550-3213(00)00695-7
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encode all of the bound state quark and gluon properties of hadrons, including their

momentum, spin and flavor correlations, in the form of universal process- and frame-

independent amplitudes.

The deeply virtual Compton amplitude can be evaluated explicitly by starting from the

Fock state representation for both the incoming and outgoing proton, using the boost

properties of the light-cone wavefunctions, and evaluating the matrix elements of the

currents for a quark target. One can also directly evaluate the non-local current matrix

elements (16) in the same framework. In the following we will concentrate on the

generalized Compton form factors H and E. Formulae analogous to our results can be

obtained for H̃ and Ẽ.

For the n → n diagonal term (∆n = 0), the relevant current matrix element at quark

level is
∫
dy−

8π
eixP+y−/2

〈
1;x ′

1P
′+, $p′

⊥1,λ
′
1

∣∣ψ̄(0)γ +ψ(y)
∣∣1;x1P

+, $p⊥1,λ1
〉∣∣

y+=0,y⊥=0

=
√

x1x
′
1

√
1− ζδ(x − x1)δλ′

1λ1
, (38)

where for definiteness we have labeled the struck quark with the index i = 1. We thus

obtain formulae for the diagonal (parton-number-conserving) contributions to H and E in

the domain ζ ! x ! 1 [17]:
√
1− ζ

1− ζ
2

H(n→n)(x, ζ, t) − ζ 2

4
(
1− ζ

2

)√
1− ζ

E(n→n)(x, ζ, t)

=
(√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↑
(n)

(
xi, $k⊥i ,λi

)
, (39)

1√
1− ζ

∆1 − i∆2

2M
E(n→n)(x, ζ, t)

= (√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↓
(n)

(
xi, $k⊥i ,λi

)
, (40)

where the arguments of the final-state wavefunction are given by

x ′
1 = x1 − ζ

1− ζ
, $k′

⊥1 = $k⊥1 − 1− x1

1− ζ
$∆⊥ for the struck quark,

x ′
i = xi

1− ζ
, $k′

⊥i = $k⊥i + xi

1− ζ
$∆⊥ for the spectators i = 2, . . . , n.

(41)

One easily checks that
∑n

i=1 x ′
i = 1 and

∑n
i=1 $k′

⊥i = $0⊥. In Eqs. (39) and (40) one has to
sum over all possible combinations of helicities λi and over all parton numbers n in the

Fock states. We also imply a sum over all possible ways of numbering the partons in the

n-particle Fock state so that the struck quark has the index i = 1.
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encode all of the bound state quark and gluon properties of hadrons, including their

momentum, spin and flavor correlations, in the form of universal process- and frame-

independent amplitudes.

The deeply virtual Compton amplitude can be evaluated explicitly by starting from the

Fock state representation for both the incoming and outgoing proton, using the boost

properties of the light-cone wavefunctions, and evaluating the matrix elements of the

currents for a quark target. One can also directly evaluate the non-local current matrix

elements (16) in the same framework. In the following we will concentrate on the

generalized Compton form factors H and E. Formulae analogous to our results can be

obtained for H̃ and Ẽ.

For the n → n diagonal term (∆n = 0), the relevant current matrix element at quark

level is
∫
dy−

8π
eixP+y−/2

〈
1;x ′

1P
′+, $p′

⊥1,λ
′
1

∣∣ψ̄(0)γ +ψ(y)
∣∣1;x1P

+, $p⊥1,λ1
〉∣∣

y+=0,y⊥=0

=
√

x1x
′
1

√
1− ζδ(x − x1)δλ′

1λ1
, (38)

where for definiteness we have labeled the struck quark with the index i = 1. We thus

obtain formulae for the diagonal (parton-number-conserving) contributions to H and E in

the domain ζ ! x ! 1 [17]:
√
1− ζ

1− ζ
2

H(n→n)(x, ζ, t) − ζ 2

4
(
1− ζ

2

)√
1− ζ

E(n→n)(x, ζ, t)

=
(√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↑
(n)

(
xi, $k⊥i ,λi

)
, (39)

1√
1− ζ

∆1 − i∆2

2M
E(n→n)(x, ζ, t)

= (√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↓
(n)

(
xi, $k⊥i ,λi

)
, (40)

where the arguments of the final-state wavefunction are given by

x ′
1 = x1 − ζ

1− ζ
, $k′

⊥1 = $k⊥1 − 1− x1

1− ζ
$∆⊥ for the struck quark,

x ′
i = xi

1− ζ
, $k′

⊥i = $k⊥i + xi

1− ζ
$∆⊥ for the spectators i = 2, . . . , n.

(41)

One easily checks that
∑n

i=1 x ′
i = 1 and

∑n
i=1 $k′

⊥i = $0⊥. In Eqs. (39) and (40) one has to
sum over all possible combinations of helicities λi and over all parton numbers n in the

Fock states. We also imply a sum over all possible ways of numbering the partons in the

n-particle Fock state so that the struck quark has the index i = 1.

Example of LFWF representation 
of GPDs  (n => n)

Diehl,Hwang, sjb
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Verified using 
LFWFs

Diehl,Hwang, sjb
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New Perspectives in QCD from 
AdS/CFT

• Need to understand QCD at the Amplitude 
Level:  Hadron wavefunctions!

• Remarkable new insights from AdS/CFT, the 
duality between conformal field theory and  
Anti-de Sitter Space

90



 

• Use AdS/CFT to provide an 
approximate, covariant, and 
analytic model of hadron structure 
with confinement at large 
distances, conformal behavior at 
short distances

• Analogous to the Schrodinger 
Equation for Atomic Physics

• AdS/QCD Holographic Model

Goal:
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New Way to Model 
QCD: AdS/CFT

• Start with Maldacena Correspondence

• Mathematical Representation of Lorentz 
Invariant and Conformal  (Scale-Free) Theories

• Add new 5th space dimension to 3+1 space-time

• Add Confinement: Holographic Model with 
Color Confinement and Quark Counting Rules

de Teramond, sjb
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Mµν,Pµ,D,Kµ,

the generators of S

Analytically continue

1
s−M2+iMΓ

q2 → q2 + iε→ q2 + iMΓ

Fix Γ from height

Γρ = 111 MeV

Conformal Theories are invariant under the 
Poincare and conformal transformations with  

the generators of SO(4,2)

SO(4,2)  has a mathematical representation on AdS5
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AdS/QCD G. F. de Téramond

5-Dimensional
A nti-de Sitter

Spacetime

4-Dimensional
F lat Spacetime

(hologram)

B lack Hole

1-2006
8685 A 7

z0 = 1/ΛQCD

z

Caltech High Energy Seminar, Feb 6, 2006 Page 3
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Truncated AdS Space
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New Way to Solve QCD: 
AdS/CFT

• Maldacena Correspondence

• Mathematical Representation of Lorentz 
Invariant and Conformal  (Scale-Free) Theories

• Add new 5th space dimension to 3+1 space-time

• Holographic Model with Color Confinement and 
Quark Counting Rules de Teramond, sjb
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AdS/QCD G. F. de Téramond

5-Dimensional
A nti-de Sitter

Spacetime

4-Dimensional
F lat Spacetime

(hologram)

B lack Hole

1-2006
8685 A 7

z0 = 1/ΛQCD

z

Caltech High Energy Seminar, Feb 6, 2006 Page 3
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We  consider both holographic models 

1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the β

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(ηµνdxµdxν − dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ → λxµ, z → λz, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z → 0 corresponds to the Q→∞, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/ΛQCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ϕ(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR
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Fig: Predictions for the light baryon orbital spectrum for ΛQCD = 0.22 GeV

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 20

Guy de Teramond
SJB 

Only one 
parameter! 

Phys.Rev.Lett.
94:201601,2005
hep-th/0501022

Entire 
light-
quark 
baryon 

spectrum

Predictions 
of  AdS/CFT
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0

2

(a) (b)

4

(G
eV

2 )

0 2 4
5-2006
8694A20

ω (782)
ρ (770)

a2 (1320)

f2 (1270)

ρ3 (1690)

ω3 (1670)

f4 (2050)
a4 (2040)

L
0 2 4

n

ρ (770)

ρ (1450)

ρ (1700)

Higher Spin Bosonic Modes SW

• Effective LF Schrödinger wave equation
[
− d2

dζ2
− 1− 4L2

4ζ2
+ κ4ζ2 + 2κ2(L+ S−1)

]
φS(ζ) =M2φS(ζ)

with eigenvalues M2 = 2κ2(2n + 2L + S).

• Compare with Nambu string result (rotating flux tube): M2
n(L) = 2πσ (n + L + 1/2) .

Vector mesons orbital (a) and radial (b) spectrum for κ = 0.54 GeV.

• Glueballs in the bottom-up approach: (HW) Boschi-Filho, Braga and Carrion (2005); (SW) Colangelo,

De Facio, Jugeau and Nicotri( 2007).

S = 1
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Fπ(q2)

q2(GeV 2)

However J/ψ → ρπ

is largest two-body hadron decay

Small value for ψ′ → ρπ

ρ

π

Fπ(q2)

q2(GeV 2)

However J/ψ → ρπ

is largest two-body hadron decay

Small value for ψ′ → ρπ

ρ

π

Spacelike pion form factor from AdS/CFT

Fπ(q2)

q2(GeV 2)

However J/ψ → ρπ

is largest two-body hadron decay

Small value for ψ′ → ρπ

ρ

π

Fπ(q2)

q2(GeV 2)

However J/ψ → ρπ

is largest two-body hadron decay

Small value for ψ′ → ρπ

ρ

π

Truncated Space Confinement

Harmonic Oscillator Confinement

One parameter -  set by pion decay constant

Data Compilation from Baldini, Kloe and Volmer

G. de Teramond, sjb 
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Spacelike and Timelike Pion form factor from AdS/CFT

G. de Teramond, sjb 
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However J/ψ → ρπ

is largest two-body hadron decay
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Fπ(q2)

q2(GeV 2)

However J/ψ → ρπ

is largest two-body hadron decay

Small value for ψ′ → ρπ

ρ

π

Harmonic 
Oscillator 

Confinement 
scale set by pion 
decay constantlnFπ(q2)

κ = 0.364 GeV

κ = 0.424 GeV

τ = t + z/c

φ(x, Q0) ≡
∫ Q0 d2k⊥ψ(x,&k⊥) ∝ fM

√
x(1− x)

φM(x) ≡
∫

d2k⊥ψM(x,&k⊥) ∝ fM

√
x(1− x)

Log H » Fp  Hq2L »L k = 0.38
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Untitled-2 1

lnFπ(q2)

κ = 0.364 GeV

κ = 0.424 GeV

κ = 0.38 GeV

τ = t + z/c

φ(x, Q0) ≡
∫ Q0 d2k⊥ψ(x,&k⊥) ∝ fM

√
x(1− x)

φM(x) ≡
∫

d2k⊥ψM(x,&k⊥) ∝ fM

√
x(1− x)
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JADE determination of αs(MZ)

M =
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TH ×Πφi
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JADE determination of αs(MZ)

M =
∫

TH ×Πφi

zD(z)c→pX = Fp→cX(x = 1/z)

zi ∝ m⊥i =
√

m2
i + k2

⊥

X = cūd̄ū

At large Q2 the important integration region
is z ∼ 1/Q.

F1(Q2)I→F =
∫ dz

z3Φ
↑
F (z)J(Q, z)Φ↑I(z)

F2(Q2)I→F =
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Truncated Space Confinement
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Λ = 0.2 GeV

G. de Teramond, sjb 
Preliminary

Current modified 
by metric 
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Dirac Neutron Form Factor

(Valence Approximation)

Q4Fn
1 (Q2) [GeV4]
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Prediction for Q4Fn
1 (Q2) for ΛQCD = 0.21 GeV in the hard wall approximation. Data analysis from

Diehl (2005).

CAQCD, Minneapolis, May 11-14, 2006 Page 29107

Truncated Space Confinement
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Preliminary
From overlap of L = 1 and L = 0 LFWFs
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Note: Contributions to Mesons Form Factors at Large Q in AdS/QCD

• Write form factor in terms of an effective partonic transverse density in impact space b⊥

Fπ(q2) =
∫ 1

0
dx

∫
db2 ρ̃(x, b,Q),

with ρ̃(x, b,Q) = πJ0 [b Q(1− x)] |ψ̃(x, b)|2 and b = |b⊥|.

• Contribution from ρ(x, b,Q) is shifted towards small |b⊥| and large x→ 1 as Q increases.

0

0.2

0.4

0

0.5

1.0

0

0.5

1.0

01020 01020

0

0.2

0.4

(a) (b)

7-2007
8755A5

bb

xx

ρ(
x,b
)

Fig: LF partonic density ρ(x, b,Q): (a) Q = 1 GeV/c, (b) very large Q.

Exploring QCD, Cambridge, August 20-24, 2007 Page 41
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• AdS/CFT:  Duality between string theory in  Anti-de 
Sitter Space and  Conformal Field Theory

• New Way to Implement Conformal Symmetry

• Holographic Model: Conformal Symmetry at Short 
Distances, Confinement at large distances

• Remarkable predictions for hadronic spectra, 
wavefunctions, interactions

• AdS/CFT provides novel insights into the quark 
structure of hadrons

New Perspectives on QCD 
Phenomena from AdS/CFT
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Holography: Unique mapping derived from equality of LF 
and AdS  formula for current matrix elements
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from momentum conservation at the vertex we find

F (Q2) = R3

∫ ∞

0

dz

z3
e3A(z)ΦP ′(z)J(Q, z)ΦP (z). (9)

The form factor in AdS is the overlap of the normalizable
modes dual to the incoming and outgoing hadron ΦP and
ΦP ′ and the non-normalizable mode J(Q, z), dual to the
external source [15]

We integrate (4) over angles to obtain

F (q2) = 2π

∫ 1

0
dx

(1− x)
x

∫
ζdζJ0

(
ζq

√
1− x

x

)
ρ̃(x, ζ),

(10)
where we have introduced the variable

ζ =
√

x

1− x

∣∣∣
n−1∑

j=1

xjb⊥j

∣∣∣, (11)

representing the x-weighted transverse impact coordinate
of the spectator system.

We can now make contact with the AdS results. Com-
paring (10) with the expression for the form factor in
AdS space (9) for arbitrary values of Q we find

J(Q, ζ) =
∫ 1

0
dxJ0

(
ζQ

√
1− x

x

)
= ζQK1(ζQ), (12)

which is also the solution for the electromagnetic poten-
tial in AdS (8). Thus we can identify the spectator den-
sity function appearing in the light-front formalism with
the corresponding AdS density

ρ̃(x, ζ) =
R3

2π

x

1− x
e3A(ζ) |Φ(ζ)|2

ζ4
. (13)

Eq (13) expresses the duality between extended AdS
modes and point-like partonic distributions. It gives a
precise relation between the string modes in AdS5 and
the QCD transverse density in four dimensional space-
time. The variable ζ, 0 ≤ ζ ≤ Λ−1

QCD, represents the
invariant separation between quarks, and it is also the
holographic variable z, ζ = z.

For two partons ρ̃(x, ζ) = |ψn=2(x, ζ)|2/(1−x)2, and a
closed form solution for the two-constituent bound state
light-front wave function is found

|ψ(x, ζ)|2 =
R3

2π
x(1− x) e3A(ζ) |Φ(ζ)|2

ζ4
. (14)

In the case of two partons ζ2 = x
1−x%η2

⊥ = x(1− x)b2
⊥.

For spin-carrying constituents the relevant dimension
is that of twist (dimension minus spin) τ = ∆−σ, where
σ is the sum over the constituent’s spin σ =

∑n
i=1 σi.

Twist is equal to the number of partons τ = n. Upon
the substitution ∆ → n + L, φ(z) = z−3/2Φ(z), in

the five-dimensional AdS wave equations describing glue-
balls, mesons or vector mesons [5] we find an effec-
tive Schrödinger equation written in terms of the four-
dimensional impact variable ζ

[
− d2

d2ζ
+ V (ζ)

]
= M2φ(ζ), (15)

with the effective conformal potential [16]

V (ζ) = −
1− 4L2

4ζ2
. (16)

The new wave equation has a stable range of solutions ac-
cording to the Breitenlohner-Freedman bound [17]. The
solution to (15) is

φ(z) = z−
3
2 Φ(z) = Cz

1
2 JL(zM). (17)

The eigenvalues are determined by the boundary condi-
tions at φ(z = 1/ΛQCD) = 0, and are given in terms of
the roots of the Bessel functions: ML,k = βL,kΛQCD.
The normalized LFWF ψ̃L,k follow from (14) [18]

ψ̃L,k(x,%b⊥) = BL,k

√
x(1− x)

JL

(√
x(1− x)|%b⊥|βL,kΛQCD

)
θ
(
%b 2
⊥ ≤

Λ−2
QCD

x(1− x)

)
, (18)

where BL,k = ΛQCD

[
(−1)LπJ1+L(βL,k)J1−L(βL,k)

]− 1
2 .

The first eigenmodes are depicted in Figure 1, and the
masses of the light mesons in Figure 2. The predictions
for the lightest hadrons are improved relative to the re-
sults of [5] with the boundary conditions determined in
terms of twist instead of conformal dimensions. The de-
scription of baryons is carried out along similar lines and
will be presented somewhere else.
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FIG. 1: Two-parton bound state holographic LFWF eψ(x, ζ)

for ΛQCD = 0.32 GeV: (a) ground state # = 0, k = 1, (b) first

orbital excited state # = 1, k = 1.

We have shown how the string amplitude Φ(z) defined
on the fifth dimension in AdS5 space can be precisely

Effective conformal 
potential:

Holography: 
Map AdS/CFT  to  3+1 LF Theory

[
− d2

d2ζ
+ V (ζ)

]
=M2φ(ζ)

[
− d2

dζ2 + V (ζ)
]
=M2φ(ζ)

ζ2 = x(1− x)b2
⊥.

Jz = Sz
p =

∑n
i=1 Sz

i +
∑n−1

i=1 #z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Relativistic radial equation:

G. de Teramond, sjb 

u↓(x)
u↑(x)

∼ (1− x)2

Q2(GeV2)

[
− d2

d2ζ
+ V (ζ)

]
φ(ζ) =M2φ(ζ)

[
− d2

dζ2 + V (ζ)
]
φ(ζ) =M2φ(ζ)

ζ2 = x(1− x)b2
⊥.

#L = #P × #R

x (1− x) !b⊥

ψ(x,!b⊥) = ψ(ζ)

φ(z)

ζ =
√

x(1− x)!b2⊥

z

z∆

z0 = 1
ΛQCD

x (1− x) !b⊥

ψ(x,!b⊥) = ψ(ζ)

φ(z)

ζ =
√

x(1− x)!b2⊥

z

z∆

z0 = 1
ΛQCD

x (1− x) !b⊥

ψ(x,!b⊥) = ψ(ζ)

φ(z)

ζ =
√

x(1− x)!b2⊥

z

z∆

z0 = 1
ΛQCD

Frame Independent
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR

x

ψ(x,b)
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Two-parton ground state LFWF in impact space ψ(x, b) for a for n = 2, " = 0, k = 1.

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 26

AdS/CFT 
prediction for 
meson LFWF

Guy de Teramond
SJB 

ζ = b
√

x(1− x)

z → ζ

ζ = b
√

x(1− x)

Holographic Model
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String Theory

AdS/CFT

Semi-Classical QCD / Wave Equations

Mapping of  Poincare’ and 
Conformal SO(4,2) symmetries of 3

+1 space 
to  AdS5 space

Integrable!

Boost Invariant 3+1 Light-Front Wave Equations

Hadron Spectra, Wavefunctions, Dynamics

AdS/QCD
Conformal behavior at short 

distances
+ Confinement at large 

distance

Counting rules for Hard 
Exclusive Scattering
Regge Trajectories

Holography

Integrable! J =0,1,1/2,3/2 plus L

Goal: First Approximant to QCD

QCD at the Amplitude Level
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Novel  Dynamical Tests of QCD at FAIR

115

• Characteristic momentum scale of QCD: 300 MeV

• Many Tests of AdS/CFT predictions possible

• Exclusive channels: Conformal scaling laws, quark-
interchange

• pp scattering:  fundamental aspects of nuclear force

• Color transparency: Coherent color effects

• Nuclear Effects, Hidden Color, Anti-Shadowing 

• Anomalous heavy quark phenomena 

• Spin Effects:  AN, ANN
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Dispersive description of the ratio GE /GM
The “inverse problem”

Two photon contribution to e+e− → pp

Introduction

Dispersive approach

Results and conclusions

Nucleon Form Factors

N

N

Γµ(q)

γ(q)
γµ

e−

e−
Nucleon current operator (Dirac & Pauli)

Γµ(q) = γµF1(q
2) +

i

2MN
σµνqνF2(q

2)

Electric and Magnetic Form Factors

GE (q2) = F1(q
2) + τF2(q

2)

GM(q2) = F1(q
2) + F2(q

2)
τ =

q2

4M2
N

θe− p
e
−

p

Elastic scattering

dσ

dΩ
=

α2E ′e cos
2 θ
2

4E3
e sin

4 θ
2

[
G2

E + τ

(
1+ 2(1+ τ) tan2

θ

2

)
G2

M

]
1

1+ τ

θ

e− e+

p

p

Annihilation

dσ

dΩ
=

α2
√
1− 1/τ

4q2

[
(1+ cos2 θ)|GM |2 +

1

τ
sin2 θ|GE |2

]

Simone Pacetti Ratio |Gp
E (q2)/Gp

M (q2)| and dispersion relations

e+e− → pp̄

ep→ ep

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

e+e− → pp̄

ep→ ep

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−
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+

e
– 
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u

K
– 0

s

d
– 

d
– 
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u
d

s
– 

de
+

e
– 

!*

Exclusive Processes

e+e− → pp̄

αs(Q) ∝ 1
lnQ

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

proportional to αs(Q)

Ratio of rate for e+e− → qq̄g to e+e− → qq̄

at Q = ECM = Ee− + Ee+

Probability decreases with number of constituents!

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α

1fm = 10−15m = 10−13cm

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α

1fm = 10−15m = 10−13cm

R(e+e− → HH̄) ∝ |F (s)|2

s = (Ee+ + Ee−)
2

|F (s)| ∝ [1s ]
nq−1

R(e+e− → HH̄) ∝ [ 1
s2

]nq−1

e−

∆x×∆p > h
2π

α
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Conformal QCD Window in Exclusive Processes

• Does αs develop an IR fixed point? Dyson–Schwinger Equation Alkofer, Fischer, LLanes-Estrada,

Deur . . .

• Recent lattice simulations: evidence that αs becomes constant and is not small in the infrared

Furui and Nakajima, hep-lat/0612009 (Green dashed curve: DSE).

• Phenomenological success of dimensional scaling laws for exclusive processes

dσ/dt ∼ 1/sn−2, n = nA + nB + nC + nD,

implies QCD is a strongly coupled conformal theory at moderate but not asymptotic energies

Farrar and sjb (1973); Matveev et al. (1973).

• Derivation of counting rules for gauge theories with mass gap dual to string theories in warped space

(hard behavior instead of soft behavior characteristic of strings) Polchinski and Strassler (2001).

• Example: Dirac proton form factor: F1(Q2) ∼
[
1/Q2

]n−1
, n = 3

Q4F p
1 (Q2) [GeV4]
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From: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

Exploring QCD, Cambridge, August 20-24, 2007 Page 12
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• Example: Dirac proton form factor: F1(Q2) ∼
[
1/Q2

]n−1
, n = 3

Q4F p
1 (Q2) [GeV4]

Q2 [GeV2]

From: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

measured in
electron-proton 

elastic scattering
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Quark Counting Rules for 
Exclusive Processes

• Power-law fall-off of the scattering rate reflects 
degree of compositeness

• The more composite -- the faster the fall-off

• Power-law counts the number of quarks and gluon 
constituents

• Form factors: probability amplitude to stay intact

• FH(Q) ∝ 1
(Q2)n−1

Q momentum transfer

e+e− → pp̄

αs(Q) ∝ 1
lnQ

σ(e+e−→three jets)
σ(e+e−→two jets)

proportional to αs(s)

n = # elementary constituents

Brodsky and Farrar, Phys. Rev. Lett. 31 (1973) 1153 
Matveev et al., Lett. Nuovo Cimento, 7 (1973) 719 
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PQCD and Exclusive Processes

• Iterate kernel of LFWFs when at high virtuality; distribution 
amplitude contains all physics below factorization scale

• Rigorous Factorization Formulae: Leading twist

• Underly Exclusive B-decay analyses

• Distribution amplitude: gauge invariant, OPE, evolution 
equations, conformal expansions

• BLM scale setting: sum nonconformal contributions in scale 
of running coupling

• Derive Dimensional Counting Rules/ Conformal Scaling

M =
∫ ∏

dxidyiφF (x, Q̃)×TH(xi, yi, Q̃)φI(yi, Q)

Lepage; SJB
Efremov, Radyuskin
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